COHOMOLOGY OF AFFINE ARTIN GROUPS AND 
APPLICATIONS 



FILIPPO CALLEGARO, DAVIDE MORONI, AND MARIO SALVETTI 



Abstract. The result of this paper is the determination of the coho- 
mology of Artin groups of type A„, Bn and An with non-trivial local 
coefficients. The main result (Theorem II. ip is an explicit computa- 
tion of the cohomology of the Artin group of type Bn with coefficients 
over the module Q[g^^,t*^]. Here the first (n — 1) standard genera- 
tors of the group act by (—g)— multiplication, while the last one acts 
by (—f)— multiplication. The proof uses some technical results from 
previous papers plus computations over a suitable spectral sequence. 
The remaining cases follow from an application of Shapiro's lemma, by 
considering some well-known inclusions: we obtain the rational coho- 
mology of the Artin group of affine type An as well as the cohomology 
of the classical braid group Br„ with coefficients in the n-dimensional 
representation presented in |TYM96| . The topological counterpart is 
the explicit construction of finite CVK— complexes endowed with a free 
action of the Artin groups, which are known to be /\ (tt, 1) spaces in 
some cases (including finite type groups). Particularly simple formulas 
for the Euler-characteristic of these orbit spaces are derived. 



1. Introduction 

Recall that for each Coxeter group W one has a group extension Gw-, 
usually called Artin group of type W (see Section [2]). In this paper we give 
a detailed calculation of the cohomology of some Artin groups with non- 
trivial local coefficients. Let R := Q[q^^,t^^] be the ring of two-parameters 
Laurent polynomials. The main result (Theorem ll.ip is the computation 
of the cohomology of the Artin group Gb„ (of type Bn) with coefficients in 
the module Rq^f The latter is the ring R with the module structure defined 
as follows: the generators associated to the first n — 1 nodes of the Dynkin 
diagram of Bn act by (—g)— multiplication; the one associated to the last 
node acts by (—t)— multiplication. 

Let ipmiQ) be the m-th cyclotomic polynomial in the variable q. Define 
the i?-modules (m > 1, i > 0) 

{m}i= R/{ipM,Q't + l). 
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and for m = 1 set: 

{l},=R/{qH + l). 
Notice that the modules {m\i are all non isomorphic as i?-modules. {m}^ 
and {m'}j/ are isomorphic as Q[g^^]-modules if and only if m = m' and are 
isomorphic as Q[t^-'^]-modules if and only if (f){m) = (p{m') (0 is the Euler 
function) and = 

Our main result is the following 

Theorem 1.1. 

®d\n,0<k<d-2{d}k ® {'^}n-l if i 

H\GB„,Rq,t) = { ®d\n,Q<k<d~2,d<-!^{d]k ifi = n-2j 



-3 + 1 

04„,d<^W«-i ifi = n-2j-l. 



□ 



The proof uses the spectral sequence associated to a natural filtration of 
the algebraic complex exhibited in |Sal94j . plus some technical results from 
|D(]PSni| . 

We apply Shapiro's lemma to a well known inclusion of ^ into Gb„ 

to derive the cohomology of G^ ^ over the module Q[(?^^], the action of 
each standard generator being (—g)— multiplication. 

By considering another natural inclusion of Gb„ into the classical braid 
group Br„-|_i := Ga„, we also use Shapiro's lemma in order to identify the 
cohomology of Gb„ with coefficients in Rg^t with that of Br^+i with coeffi- 
cients in the irreducible (n + 1)— dimensional representation of Br„_|_i found 
in [TYM96j . twisted by an abelian representation. We derive the trivial 
Q— cohomology of G^^ _^ as well as the cohomology of the braid group over 
the irreducible representation in |TYM96] . 

Computation of the cohomology of Artin groups was done by several 
people: for classical braid groups and trivial coefficients it was first given 
by F. Cohen [Coh76| . and independently by A. Vamstem [Vai78| (see also 
|Arn68[ IBriTll [BS721 IFukTOj ) . For A rtin gr oups of type Cn, Dn see [Gor78| . 
while for the exceptional cases see |Sal94| . where the Z-module structure 
was given, while the ring structure was computed in |LanOO| . The case of 
non-trivial coefficients over the module of Laurent polynomials Q[g^^] is 
interesting because of its relation with the trivial Q-cohomology of the Mil- 
nor fibre of the naturally associated bundle. For the classical braid groups 
see |Fre88[ IMar96[ ID(]PSni| . while for cases Gn, see |D(]PSS99|. For 
computations over the integral Laurent polynomials Z[g='=^], see |CS98| for 
the exceptional cases and recently |Cal06j for the case of braid groups, and 
|DCSS97] for the top cohomologies in all cases. In the case of Artin groups 
of non- finite type, some computations were given in |SS97j and |CD95j . 

The computations of Theorem 11.11 could be partially extended to inte- 
gral coefficients; however, major complications occur because the Laurent 
polynomial ring IjIq^^] is not a P.LD.. 

In the last part we also indicate (see |CMSj ) an explicit construction of 
finite CW-complexes which are retracts of orbit spaces associated to Artin 
groups. The construction works as in |Sal94j . with few variations necessary 
for infinite type Artin groups (see also [CD95| for a different construction). 
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The Artin group identifies with the fundamental group of the orbit space, and 
the standard presentation follows easily (see |Bri71l [Diin83l lvdL83| ). The 
Euler characteristic of the orbit space reduces to that of a simplicial complex 
and in some cases one has a particularly simple formula. It is conjectured 
that such orbit spaces are always K{Tr,l) spaces; for the affine groups, this is 
known in case An, Cn (see |Oko79l[CP03] l and recently also for Bn ( |CMSlj ) 
(see also |CD95| for a different class of Artin groups of infinite type). 

Notice also the geometrical meaning of the two-parameters cohomology 
oi Gb„ '■ similar to the one-parameter case, it is equivalent to the trivial 
cohomology of the "homotopy-Milnor fibre" associated to the natural map of 
the orbit space onto a two-dimensional torus. 

The main results of this paper were announced (without proof) in |CMS| . 

2. Preliminary results 

In this section we briefly fix the notation and recall some preliminary 
results. 

2.1. Coxeter groups and Artin groups. A Coxeter graph is a finite undi- 
rected graph, whose edges are labelled with integers > 3 or with the symbol 
oo. 

Let S be the vertex set of a Coxeter graph. For every pair of vertices 
s,i € 5 (s / t) joined by an edge, define m(s,t) to be the label of the edge 
joining them. If s, t are not joined by an edge, set by convention m{s, t) = 2. 
Let also m{s,s) = 1 (see |Bou68l fHumgO] ). 

Two groups are associated to a Coxeter graph: the Coxeter group W 
defined by 

W ={seS\ (st)™(''*) = 1 Vs, t € 5 such that m(s, t) / oo) 
and the Artin group G defined by (see [BS72| ): 
G = (s G S I stst^ . . ^ = tsts . . ^ Vs,t € S such that m{s,t) ^ oo). 

m(s,t)— terms m(s,t)— terms 

Loosely speaking, G is the group obtained by dropping the relations = I 
{s € S) in the presentation for W. 

In this paper, we are primarily interested in Artin groups associated to 
Coxeter graph of type An, Bn and An-i (see Figured]). 

2.2. Inclusions of Artin groups. Let Br„_|_i := Ga^ be the braid group 
on n -|- 1 strands and Br^lj]} < Br„+i be the subgroup of braids fixing the 
(n -|- l)-st strand. The group Br^ljl} is called the annular braid group. Let 
Kn+i = {pi, ■ ■ ■ ,Pn+i} be a set of n -|- 1 distinct points in C. The classical 
braid group Br„+i = Ga„ can be realized as the fundamental group of the 
space of unordered configurations of n -|- 1 points in C with basepoint Kn+i 
(see the left part of Figure E]), with Kq = {1, . . . ,6}). We can now think 
to the subgroup Br^^} < Br„_|_i as the fundamental group of the space of 
unordered configurations of n points in C*: in fact if we take Pn+i = and 
Pi G 5^ C C for i G 1, . . . ,n, since for a braid /3 G Br"lj]} the orbit of the 
(n -|- l)-st point can be thought constant, up to homotopy, we can think to 
/? as a braid with n strands in the anulus (see the right part of Figure [2]) . 
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Figure 1. Coxeter graph of type Bn {n > 2) and An-i 
(n > 3). Labels equal to 3, as usual, are not shown. More- 
over, to fix notation, every vertex is labelled with the corre- 
sponding generator in the Artin group. 




Figure 2. A braid in Brg represented as an annular braid 
on 5 strands. 

It is well known that the annular braid group is isomorphic to the Artin 
group Gb„ of type Bn- For a proof of the following Theorem see |Cri99j or 
|Lani94| . 

Theorem 2.1. Let cJi, . . . , (T„ and ei, . . . , e^-i, e-n be respectively the stan- 
dard generators for Ga^ o-i^d Gb^- Then, the map 

Gb^ - Br::^+J < Br„+i 

I— > o"j for \ <i <n — 1 

en ^ cfI 

is an isomorphism. □ 

Using the suggestion given by the identification with the annular braid 
group, a new interesting presentation for Gb^ can be worked out. Let r = 
€n€n-i ' ' ' £2^1 • It is casy to verify that: 

T~^eiT = ej+i for 1 < i < n — 1 
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Figure 3. As an annular braid the element r is obtained 
turning the bottom annulus by a rotation of 27r/?z. 

i.e. conjugation by r shifts forward the first n — 2 standard generators. By 
analogy, let en = T~^e.„_ir. We have the following 

Theorem 2.2 ( |KP02| ). The group Gb„ has presentation {G\Tl) where 

g ={t, ei,e2, . . . ,e„} 

n ={eiej = ejei for i j - 1, j + 1}U 

{T~^eiT = ej+i} 

where are all indexes should he considered modulo n. □ 

Letting o"i, o"2, . . . , be the standard generator of the Artin group of type 
An-i, we have the following straightforward corollary: 

Corollary 2.3 f |KPn2j l. The map 

<^A„_i 3 ^ ei e Gb^ 

gives an isomorphism between the group G^^_^ and the subgroup of Gb„ ge- 
nerated by ei, . . . ,€n- Moreover, we have a semidirect product decomposition 
Gb„=G^^_^>^{t). □ 

We have thus a "curious" inclusion of the Artin group of infinite type An-i 
into the Artin group of finite type Bn- 

Remark 2.4. The proof of Theorem 12.21 presented in the original paper is 
algebraic and based on Tietze moves; a somewhat more coincise proof can 
however be obtained by standard topological constructions. Indeed, one can 
exhibit an explicit infinite cyclic covering K{G^ ,1) — > K{Gb„-,^) (see 
[Alin2] V 
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2.3. (q, t)-weighted Poincare series for Bn. For future use in cohomol- 
ogy computations, we are interested in a {q, t)-analog of the usual Poincare 
series for Bn, that is an analog of the Poincare series with coefficients in the 
ring R = Q[q^^,t^^ of Laurent polynomials. This result and similar ones 
are studied in [Rei93| . to which we refer for details. We also use classical 
results from |Bou68l IHumQOj without further reference. 

Consider the Coxeter group W of type Bn with its standard generating 
reflections si, S2, ■ ■ ■ , Sn- For w S W, let n{w) be the number of times Sn 
appears in a reduced expression for w. By standard facts, n{w) is well- 
defined. 

We define the {q, t)-weighted Poincare series for the Coxeter group of type 
Bn as the sum 

W{q,t) = q^M-nM^niw)^ 

where i is the length function. 

We recall some notation. We define the g-analog of the number m by the 
polynomial 

,,Tn—l 



m 



l+q + 



Q-1 ' 



Notice that [m] = Hilm i^iVmiQ), where we denote with fmiq) the m-th 
cyclotomic polynomial in the variable q. Moreover we define the g-factorial 
analog [m]q\ as the product 

m 

1=1 

and the g-analog of the binomial (™) as the polynomial 



m 
i 



\m\ 



i]J.\m 



I 



We can also define the {q, t)-analog of an even number 



and of the double factorial 



[mUl+tq^-') 



m—l 



q,t 



[m]q\ll{l + tq'). 



1=1 



i=0 



Finally, we define the polynomial 



m 
i 



[2m 



q,t'- 



m 
i 



m—l 

q j=i 



Proposition 2.5 f |Rei93j l. 



Wiq,t) = [2n] 



q,t--- 



Proof. Consider the parabolic subgroup Wj associated to the subset of re- 
flections I = {si, . . . , Sn-i}- Notice that Wj is isomorphic to the symmetric 
group on n letters An-i and that it has index 2" in Bn- Let be the set of 
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minimal coset representatives for W/Wj. Then, by multiplicative properties 
on reduced expressions: 

W{q,t) = qi{u>)-n{w)^n{w) 
(2.1) ^e{w')-n{w')^n(w')y ^ ^e{w")-n{w")^n{w")y 

Clearly, for elements w" G Wj, we have n{w") = 0; so the second factor in 
(|2.ip reduces to the well-known Poincare series for An-i: 

'(w")-n{w")Mw") 



w"e_Wi 



To deal with the first factor, instead, we explicitly enumerate the elements 
oiW^. Let Pi — SjSj-(_i ■ ■ ■ Sn for 1 < i < n. Then, it can be easily verified 
that = fe,.Pv_i • • -PiaPii < «2 < • • • < ir-i < v}- Notice that 
n{pirPir-i ■ ■■Pi2Pii) = r and l{pi,Pi,_^ ■ --PiiPh) = Ej=i^(K,) = Ej=i('^ + 



l-ij). Thus, 



n-l 



Finally, 



n-l 



W{q,t) = [J{{l+tq'))[n],\ = [2n 



i=0 



□ 



3. The cohomology of Go 



3.1. Proof of the Main Theorem. In this Section we prove Theorem ll.il 
enunciated in the introduction. We use the notations given in the Introduc- 
tion. 

To perform our computation we will use the complex discovered in |Sal94j . 
[DCS96| (notice: an equivalent complex was discovered by different methods 
in |Squ94| ), and the spectral sequence induced by a natural filtration. 

The complex that computes the cohomology of Gb„ over Rq^t is given as 
follows (see [Sal94] l: 

c: = R.r 

rc/n 

where In denote the set {1, . . . , n} and the graduation is given by | F |. 

The set /„ corresponds to the set of nodes of the Dynkin diagram of i?„ 
and in particular the last element, n, corresponds to the last node. 

It is useful to consider also the complex C„ for the cohomology of Ga„ 
on the local system Rg^f In this case the action associated to a standard 
generator is always the (— g')-multiplication and so the complex C* and its 
cohomology are free as Q[t^]-modules. The complex C„ is isomorphic to C* 
as a i?-module. In both complexes the coboundary map is 

(3.1) %,t)(r)= Y ^-'^''^''"^'^^W^^^^''^^^^ 

i6/„\r 
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where a{j, T) is the number of elements of T that are less than j. In the case 
Wr{q,t) is the Poincare polynomial of the parabolic subgroup Wr C An 
generated by the elements in the set F, with weight —q for each standard 
generator, while in the case Bn Wr{q,t) is the Poincare polynomial of the 
parabolic subgroup Wr C Bn generated by the elements in the set F, with 
weight —q for the first n — 1 generators and —t for the last generator. 

Using Proposition 12.51 we can give an explicit computation of the coef- 
ficients —^^^j^jy^- For any F C I„, let F be the subgraph of the Dynkin 

diagram Bn which is spanned by F. Recall that if F is a connected compo- 
nent of the Dynkin diagram of Bn without the last element, then 

Wriq,t) = 

where m =| F |. If F is connected and contains the last element of Bn, then 

Wr{q,t) = [2m],,t!!, 

where m =| F |. 

If F is the union of several connected components of the Dynkin diagram, 
F = Fi U • • • U Ffc, then Wriq, t) is the product 

k 

n^r,(g,t) 

i=l 

of the factors corresponding to the different components. 

If j ^ F we can write F(j) for the connected component of F U {j} con- 
taining j. Suppose that m =| F(j) | and i is the number of elements in F(j) 
greater than j. Then, if n € F(j) we have 

Wru{j}{q,t) 
Wr{q,t) 

and 

Wru{j}{q,t) 
Wr{q,t) 

otherwise. 

It is convenient to represent generators F C 1^ by their characteristic 
functions — > {0, 1} so, simply by strings of Os and Is of length n. 

We define a decreasing filtration F on the complex {C*,5): F^Cn is the 
subcomplex generated by the strings of type (ending with a string of s 
Is) and we have the inclusions 

Cn = F^Cn D F^Cn D • • • D F"C„ = D F'^+^Cn = 0. 

We have the following isomorphism of complexes: 

(3.2) {F'Cn/F'^^Cn)^Cn^s^l[s\ 

where Cn-s-i is the complex for Ga„-s-\ and the notation [s\ means that 
the degree is shifted by s. Let E^, be the spectral sequence associated to 
the filtration F. The equality 13.21 tells us how the Ei term of the spectral 
sequence looks like. In fact for < s < n — 2 we have 

(3.3) E^ = H^'{GA,^_^.,,R,,t) = H^{GA^...,MQ^V[t^'] 



m 
i 



a.t 



m + 1 
i + l 
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since the t-action is trivial. For s = n — 1 and s = n the only non trivial 
elements in the spectral sequence are 



(3.4) 



11-1,0 



E'l'^ = R. 



In order to prove Theorem 11.11 we need to state the following lemmas. 
Lemma 3.1. Let I{n,k) be the ideal generated by the polynomials 



n 

n — d 



for d I n and d < k 



q,t 



If k\n the map 



an,k ■ R/ i^kiq)) R/I{n, k-l) 



induced by the multiplication by 



n 

n — k 



is well defined and is infective. 



q,t 



Remark. The fact that this map is well defined will follow automatically 
from the general theory of spectral sequences, as it is clear from the proof of 
Theorem 11.11 However, below we prove it by other means. 

Proof. Let d, k be positive integers such that d \ n and k \ n. We can observe 



that ifdiq) 
ifd appears m 



n 
k 



n 

n — k 



if and only if d f /c. Moreover each factor 



n 
k 



at most with exponent 1. 



n 

n — d 



Let J(n, k) be the ideal generated by the polynomials 
and d <k. It is easy to see that we have the following inclusion: 

n-l 

JJ {l + tq')J{n,k) C I{n,k). 

i=n—k 

Moreover J(n, k) is a principal ideal and is generated by the product 

Pn,k{q) = n "Pdiq)- 

d\n,k<d 



for d I n 



It follows that 



n 

n — k 



^Pk{q) G J{n,k — 1) and so 



n 

n — k 



fkiq) e 



q,t 



I{n, k — 1). This proves that the map an,k is well defined. 

Now we notice that the factor ipkiq) divides each generator of I{n, k — 1) 
n 



but does not divide 



n — k 



This imply that an,k is not the zero map 



q,t 



and that every polynomial in the kernel of an,k must be a multiple of (pk{q), 
hence the map must be injective. □ 

Lemma 3.2. Let I{n) be the ideal generated by the polynomials 

for d I n 



n 

n — d 



q,t 
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Then I{n) is the direct product of the ideals Ii^d = {VdiQ),Q^i + 1) for d \ n 
and < i < d — 2 and of the ideal In-i = {q^~^t + 1). Moreover the ideals 
li^d and In-i are pairwise coprime. 

Proof: Notice that the polynomial (1 + divides each generator of the 

ideal I{n), so we can write 

I(n) = + 

where /(n) is the ideal generated by the polynomials 



n 




n 


n — d 




n — d 




q,t 





/(1+v 



n-l\ 



g,t 



Let n = di > ■ ■ ■ > dh = 1 he the list of all the divisors of n in decreasing 
order. If we set 

Pi ■=^dM) and 



we can rewrite our ideal as 
(3.5) 

I{n)-- 



- n (1+^9"-^) 

j=di+i+l 



n 

n- dh 



n 

n - dh-i 



n 

n- d2 



Q 



2 • ' 



Qh-1 
Qh-1, Ql - • • Qh-1 



n 

n - dh-2 



Qh-2Qh- 



We claim that we can reduce to the following set of generators: 

Tin) = (Pi • • • Ph-l, Pi--- Ph-2Qh-U Pi--- Ph-3Qh-2Qh-l . . . 
■ ■ ■ , P1Q2 - - - Qh-1, Ql - - - Qh-l) 



(3.6) 



The first generator is the same in both equations and the j-th generator in 
Equation 13.61 divides the corresponding generator in Equation 13.51 Now sup- 
ra 



pose that a factor '^m{(l) divides but does not divide Pi • • • Pj-i. 

We may distinguish two cases: 

i) Suppose that m \ n. Then we can get rid of the factor ^m{<l) in 

with an opportune combination with the polynomial 



n 



n — di 



P---P, 



h-l 



ii) Suppose m \ n. Then m = di for some / > j and we can get rid of 
fmiQ) using a suitable combination with the polynomial 

Pi - - - Pi-iQi - - - Qh-1 

We may now proceed inductively. Supposing we have already reduced the 
first j — 1 terms, we can reduce the j-th term of the ideal in Equation 13.51 to 
the corresponding term in Equation | 
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Now we observe that if J, Ii, I2 are ideals and h+h = (1), then (J, /1/2) = 
( J, J, I2). Since the polynomials Pi are all coprime, we can apply this 
fact to the ideal /(n) h — 2 times. At the i-th step we set 

h = (Pi), 

h = {Pi+l ■ ■ ■ Ph-l,Pi+l ■ ■ ■ Ph-2Qh-l-, ■ ■ ■ 1 Qi+l ■ ■ ■ Qh-l), 

J={Q,---Qh-i). 

So we can factor I(n) as 

(A, Qi • • • Qh-i){P2 • • • Ph-i, • • • Ph-2Qh-u Q2 • • • Qh-i) = ■■■ 

■ ■ ■ = {Pl,Ql ■ ■ ■ Qh-l){P2, Q2 - ■ ■ Qh-l) ■ ■ ■ {Ph-l-,Qh-l)- 

Finally we can split {Pg, Qs • • • Qh-i) as the product 

So we have reduced the ideal I{n) in the product stated in the Lemma and 
it is easy to check that all the ideals of the splitting are coprime. □ 

Proof of Theorem We can now prove our Theorem using the spectral 
sequence described in the Equations 13.31 and 13.41 

We introduce, as in [DCPS01| . the following notation for the generators 
of the spectral sequence: 

Wh = Ol'^-^O 

Zh = l''-iO + (-l)'^Ol'*-i 

bh = 01^-2 

CH = I'-' 

i-l 

j=0 
i-2 

j=0 

We write {m}[t^^] for the module R/ {<fm{'l))- The £'i-term of the spectral 
sequence has a module {m}[t='=^] in position (s,r) if and only if one of the 
following condition is satisfied: 

a)m \ n — s — 1 and r = n — s — 2 "~^~^ ; 

h)m \ n — s and r = n — s + \ — 2(^^^). 

Moreover we have modules R in position (n — 1, 0) and (n, 0). We now look 
at the di map between these two modules. Notice that E^~^'^ is generated 
by the string 01*^"^ and E^'^ is generated by the string 1". Furthermore the 
map 



^n— 1,0 . ^n— 1,0 ^ ^"lO 



is given by the multiplication by 



n 

n — 1 



— r^i^ 



[n]g(l +tq"' ^) and is injec- 



q,t 

five. It turns out that ^3"^'° = and ^2'° = ^/(Ng(l + *9"~"^))- Moreover 
all the following terms E^'^ are quotient of E^'^ . 
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Notice that every map between modules of kind {m}[t^^] and {m'}[t^^] 
must be zero if m 7^ m' . So we can study our spectral sequence considering 
only maps between the same kind of modules. 

First let us consider an integer m that doesn't divide n. Say that m\n-\-c 
with 1 < c < m and set i = The modules of type {m}[t^^] are: 



^Am,-c-l,n+c-A{n^-2)-2^+l ^^^^^^^^^ ^y Z^{i - A)01^'"-^-l 
^Am-c,n+c-A(™-2)-2»+l ^^^^^^^^^ by V^{i - A)01^— 

for A = l,...,i — 1. 

Here is a diagram for this case (we use the notation h for {m}[i^^]): 



di 

h^h 



di 



di 

h^h 



R/I 



The map 



Am— c— l,n+c— A(m~2)— 2j+l j-^Xm—c,n+c—X{m—2)—2i+l 



di : E[ 

is given by the multiplication by 



Xm — c 
Xm — c — 1 



[Xm-c]q{l+tq^"^-''-^) 



q,t 



Since (pmig) t [-^"^ ~ the map is injective and in the £'2-term we have: 



E. 
E. 



\rn.-c-l,n+c-X(m-2)-2i+l 
2 

Am— c,n+c— A(m— 2)— 2i+l 





{"l}Am-c-l = {m},n-c^ 



for A = 1, . . . , z — 1. 

The other map we have to consider is 



d: 



The module Em ^ 



71- m,m— 1 . j^n—m,m—l 



E: 



m— c— 1 



is generated by 1*" 01"' and so the 



map is the multiplication by 
coefficient 



n 

n — m 



bmce (1 + divides the 



n 

n — m 
in the submodule 



the image of the map dm ^ must be contained 



(1 + = (1 + tq^"')R/{[n\q{l + tq--')) 

that is in the quotient R/{[n]q). Since {^PmiQ), Mg) = (1) (recall that m does 
not divide n) there can be no nontrivial map between the modules {m}m-c-i 
and R/{[n\g). It follows that the differential dm"'"'"*"^ must be zero. 

As a consequence the E2 part described before collapses to E^o and we 
have a copy of {m}m-c-i as a direct summand of H'^~'^^~^{Cn) for j = 
0, . . . ,i — 2, that is for m < 
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Now we consider an integer m that divides n and let i = The modules 
of type are: 



^Am-l,n-A(m-2)-2i+l 
-,Xm,n—X{m—2)—2i+l 



E:'" ^' generated by Zmii - X)Ol^"'-^ for 1 < A < i - 1 



^.,.,n-.y,n-.j-..^. generated by Vmii - A)01^™ for < A < i - 1. 
The situation is shown in the next diagram {h = {m}[t^^]): 




h^h 



h^h 



The map 



-nAm-l,n-A(m-2)-2«+l 



di : 

is given by the multiphcation by 



E- 



.Am,n— A(m— 2)— 2i+l 



Am 
Am — 1 



q,t 



[Xm]g{l + tq 



Am-l^ 



but in 



this case the coefficient is zero in the module {m}[i ] because (pm{Q) \ [Xm]q 
and so we have that Ei = ■ ■ ■ = Em-i- So we have to consider the map 



,Am,n— A(m— 2)— 2i+l j-,Am,n— A(m— 2)— 2i+l 



E 



(A+l)m-l,n-(A+l)(m-2)-2i+l 



for A = 0,...,i-2. 

This map corresponds to the multiplication by 

(A+l)m-l 

n i^+tQ^-')- 

Q j=Xm+l 



(A + l)m-l 
Am 



q,t 



(A + l)m-l 
Am 



It is easy to see that the polynomial 



(A + l)m-l 
Xm 



is prime with the 



, . / \ 1 ii TAm,n— A(m— 2)— 2i+l 

torsion ipm{Q) and so the map 
is isomorphic to 

/ / (A+l)m.-l 

R / iv^miq), n (1 + ^9^"' 

/ y j=Xm+l 

As a consequence we have that 

©0<fc<m-2{"^}fc 





j-iAm— l.n— A(m— 2)— 2j+l 



j-,Am,n— A(m— 2)— 2i+l 



is injective and the cokernel 

0<fc<m-2 

for 1 < A < i - 1 
for < A < « - 2. 



and all these modules collapse to Eqo- This means that we can find fmiQ)- 
torsion only in H"-~'^^ (Cn) and for j > 1 the summand is given by 

{m}k 

0<fe<m-2 
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We still have to consider all the terms Em = for m \ n. 

Here the maps we have to look at are the following: 

m—m,m—l . pn— m,m— 1 pnfi 



q,t 





n 


') 




n — 1 





Ti 

These maps correspond to multiplication by the polynomials 
Moreover recall that 

= R 

We can now use Lemma [XT] to say that all the maps are injective 

and Lemma [3^2] to say that 

m\nfi<k<d-2 

Since E^ = H"-{Cn), this complete the proof of the Theorem. □ 

3.2. Other computations. We may consider the cohomology of Gb„ over 
the module where the action is trivial for the generators ei, . . . , e„_i 

and (— t)-multiplication for the last generator e„. This cohomology is com- 
puted by the complex C* of Section 3 where we specialize to —1. So we 
may use similar filtration and associated spectral sequence. We used this 
argument in |CMS| . Here we briefly indicate a different and more concise 
method, using the results of Theorem 11.11 We have: 

Theorem 3.3. 

i?'(G'B„,Q[t±i]) = + l<A;<n-l 

^"(GB„,Q[t±i]) = Q[t±i]/(l + t) foroddn 
^"(GB„,Q[t±i]) = Q[t±i]/(1 for even n. 



Sketch of proof. Consider the short exact sequence: 
and the induced long exact sequence for cohomology 

The result is now a straightforward consequence of Theorem 11.11 □ 

4. More consequences 

By means of Shapiro's lemma (see for instance |Bro82j ). the inclusions 
introduced in Section 12.21 can be exploited to link the cohomology of the 
Artin group of type An-i, An to the cohomology of G_b„. 



COHOMOLOGY OF AFFINE ARTIN GROUPS AND APPLICATIONS 



15 



4.1. Cohomology of . Let M be any domain and let g be a unit of 

M. We indicate by Mg the ring M with the G^^_^-module structure where 
the action of the standard generators is given by (— g)-multiphcation. 

Proposition 4.1. We have 

H*{G^^_^,Mg) ^H*{GB^,M[[t^%,t) 

where the action of Gb^ on M[t^X^t (and on M[[t^^]]q^t) is given by (— g)- 
multiplication for the generators ei, . . . , en-i and {—t) -multiplication for the 
last generator In- 
Proof. Applying Shapiro's lemma to the inclusion < G_b„, one obtains: 

H,[G^^_^,Mg)^H,{GB^Md%^; Mg) 
H*iG^^ ^,Mg)^H*iGB„,Comd'^^- Mg). 

By Corollary [231 any element of Ind^"!" Mg := Z[GbJ <^Gx Mg can be 

represented as a sum of elements of the form t'^ ® q^. Now, we have an 
isomorphism of Z[GB„]-modules 

^[CbJ Mg ^ M[t^\t 

defined by sending t"- ® q"^ ^ (^_Y^na^aq{n-i)a+m ^.j^g result follows. 
In cohomology we have similarly: 

Coindg^" M, :=HomG, (Z[GbJ, M,) ^ M[[t±i]],,t. 

□ 

By Propositions 14. 11 in order to determine the cohomology H*iG^ _ , Mg) 
it is necessary to know the cohomology of Gb„ with values in the module 
M[[t±i]] of Laurent series in the variable t. The latter is linked to the 
cohomology with values in the module of Laurent polynomials by: 

Proposition 4.2 (Degree shift). 

H*{GB,^,M[[t^X,t) = H*+\GB^,M[t^Xt). 

□ 

This result was obtained in |Cal05j in a slightly weaker form, but it is 
possible to extend it to our case with little effort. 

Let from now on M = Q[g'^"^]. In this case we have M[t^^]g^t = Rq,t, 
so we obtain the cohomology of the Artin group of affine type An-i with 
Mg— coefficients by means of Theorem ll.il 

In a similar way we get the rational cohomology of G : 

Proposition 4.3. We have 

i?*(G^_^,Q) =H4GB^,Q[t^']) 
H*{G,.Q) ^H*{GB^M[t^']]) 
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where the action of Gb„ on Q,\t'^^] (and on Q[[i^^]]y) is trivial for the gener- 
ators ei, . . . , e^-i and {—t) -multiplication for the last generator en- 

To obtain the rational cohomology of Ga„-i ^PPly Proposition 

14.21 together with Theorem 13.31 

4.2. Cohomology of Ga„ with coefficient in the Tong- Yang-Ma rep- 
resentation. The Tong- Yang-Ma representation is an (n + l)-dimensional 
representation of the classical braid group Ga„ discovered in |TYM96j . Be- 
low we just recall it, referring to |Sys01| for a discussion of its relevance in 
braid group representation theory. 

Definition 4.4. Let V be the free Q[n^^]-module of rank n + 1. The Tong- 
Yang-Ma representation is the representation 

P ■ Ga^ GlQ[„±i](y) 

defined w.r.t. the basis ei, . . . , e„+i of V by: 

1 
u 

V In-i J 

where Ij denote the j-dimensional identity matrix and all other entries are 
zero. 

Notice that the image of the pure braid group under the Tong- Yang- 
Ma representation is abelian; hence this representation factors through the 
extended Coxeter group presented in |Tit66| . 

Proposition 4.5. We have 

H,{GB„,M[t^%,t) = H,{GA„,Mg®V) 

H*iGB„,M[t^%,t) - H*{GA„,Mg ® V) 

where each generator of Ga„ acts on Mq by {—q) -multiplication on the 
first factor and by the Tong- Yang-Ma representation the second factor. 

Sketch of proof. For the statement in homology, by Shapiro's lemma, it is 
enough to show that Ind^"^" M[t^\ t = Mq^V. 

Notice that [Ga„ '■ Gb„] = n + 1 and let choose as coset representatives 
for Ga„/Gb„ the elements = {atai+i ■ ■ ■ an-i)cTni<^icri+i ■ ■ ■ (Tn-i)~^ for 

I < i < n - 1, an = <7n, On+l = 6. 

Then by definition of induced representation, there is an isomorphism of left 
G^^-modules, 

n+1 

^ A/fr+±ii . — 

i=l 

where the action is on the r.h.s. is as follows. For an element x € Ga„, 
write xok = ak'x' with x' G Gb^- Then x acts on an element r • S 
er=i' M[t^^]ei as x(r • e^) = (x'r) ■ e^. 



ln4llM[t^\, = ^M[t^^]ei 
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Computing explicitly this action for the standard generators of Ga„ , we can 
write the representation in the following matrix form: 

-q 
q-H 
\ -qln~i ) 



for 1 < i < n — 1, whereas 



-ql, 



n-l 



1 

-t 

Conjugating hy U = Diag(l, 1, . . . , 1, —q~^) and setting u = —q~'^t, one ob- 
tains the desired result. 

Finally, since [Ga„ :Gs„]=n+l<oo, the induced and coinduced repre- 
sentation are isomorphic; so the analogous statement in cohomology follows. 

□ 

In particular the cohomology of Gb„ determined in Theorem 11.11 is iso- 
morphic to the cohomology of Ga^ with coefficient in the Tong- Yang-Ma 
representation twisted by an abelian representation. 

By means of Shapiro's lemma, we may as well determine the cohomology 
of Ga„ with coefficient in the Tong- Yang-Ma representation. Indeed: 

Proposition 4.6. We have 

H,{GB,,,Q[t^'])^H4GA„,V) 

H*{GB,,,Q[t^']) = H*{GA^,V) 

where V is the representation of Ga„ defined in \4.4\ 

As a consequence we have 

Corollary 4.7. Let V be the (n + l) -dimensional representation of the braid 
group Br„+i defined in 'J^, Then the cohomology 

is given as in Theorem \3.3l 

Remark 4.8. In particular the homology of G^ _ with trivial coefficients is 
isomorphic to the homology of Ga„ with coefficients in the Tong- Yang-Ma 
representation. 

5. Related topological constructions 

We refer to |CMS| for the few changes which have to be done to the 
construction given in |Sal94| (see also |Sal87j ) for non-finite type Artin groups 
(but still finitely generated). We obtain a finite CW-complex X\y, explicitly 
described, which is a deformation retract of the orbit space of the Artin 
group. The latter is defined as the quotient space 



where 



M{A)w ■■= M{A)/W. 
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M(^) := + iW] \ \J He 

HeA 

jjO ^ jjgjjjg ii^Q interior part of the Tits cone of W, while A is the hyper- 
plane arrangement of W. The associated Artin group Gw is the fundamental 
group of the orbit space (see |Bou68[ [VmTTl IBriTli IDun83[ lvdL83j ). 

The simplest way to realize X\y is by taking one point xq inside a chamber 
Co and, for any maximal subset J C S such that the parabolic subgroup Wj 
is finite, construct a | J|-cell (a polyhedron) in as the "convex hull" of the 
Wj-orbit of xo in M". So, we obtain a finite cell complex which is the union of 
(in general, different dimensional) polyhedra. Next, there are identifications 
on the faces of these polyhedra, which are the same as described in [Sal94| 
for the finite case. The resulting quotient space is a CW-complex Xw which 
has a I J|-cell for each J C S such that Wj is finite. We show an example in 
the case A2 (fig. HI). 











A ^ 






/ \ 


/ \ 











Figure 4. the space K{G^^, 1) is given as union of 3 exagons 
with edges glued according to the arrows (there are: 1 0-cell, 
3 1-cells, 3 2-cells in the quotient). 



Remark 5.1. When W is an afhne group, the orbit space is known to be 
a -fr(7r, 1) for types Cn (see [Oko79l ICP03| ) and recently for type Bn 
f |CMSl| ): see |CD95j for further classes. 

Remark 5.2. The standard presentation for Gw is quite easy to derive from 
the topological description of X\y; we may thus recover Van del Lek's result 
|vdL83| . 

It follows 

Proposition 5.3. Let Kyp := {J C S : \Wj\ < 00} with the natural 
structure of simplicial complex. Then the Euler characteristic of the orbit 
space (so, of the group Gw when such space is of type K{'k,\))) equals 
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// W is affine of rank n + 1 we have 

IfW is two — dimensional (so, all 3-subsets of S generate an infinite group) 
of rank n then 

x{M.{A)w) =l-n + m 

where m is the number of pairs in S having finite weight (m = "^"^ if there 
are no oo-edges in the Coxeter graph). 

Proof. The first two statements were already remarked in [CMS] , The last 

one is clear. □ 

Remark 5.4. The cohomology of the orbit space in case with trivial 
coefficients is deduced from Corollary 14.31 and from Theorem I3.3t that with 
local coefficients in the G^^-module is deduced from Theorem ll.il 
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